In this paper we study subHopfalgebras of graded Hopf algebra structures on a path coalgebra kQ c . We prove that a Hopf structure on some subHopfquivers can be lifted to a Hopf structure on the whole Hopf quiver. If Q is a Schurian Hopf quiver, then we classified all simple-pointed subHopfalgebras of a graded Hopf structure on kQ c . We also prove a dual Gabriel theorem for pointed Hopf algebras.
Introduction
Given a quiver Q and field k, Chin and Montgomery [4] have dualized the construction of the path algebra kQ a to obtain the path coalgebra kQ c ; while Cibils and Rosso [7] have introduced the notion of the Hopf quiver Q = Q(G, χ) of a group G with a ramification χ , and then constructed all the graded Hopf algebras with length grading on kQ c . It turns out that kQ c admits a graded Hopf structure with length grading if and only if Q is a Hopf quiver. For other works on constructing Hopf algebras via quivers see [2, 3, 6, 9] .
Note that in the algebra case, in general we consider quotient algebras of kQ a . For this quiver techniques we refer Auslander, Reiten, Smalφ [1] , and Ringel [17] . It is then natural to study subcoalgebras of path coalgebra kQ c , and the Hopf algebra structures on subcoalgebras of kQ c . This is the consideration of this paper.
If Q is a Schurian Hopf quiver and A is a graded Hopf structure on kQ c , with char k = 0, then we classified the all simple-pointed subHopfalgebras of A (Theorem 2.7). If Γ = Q(H, r) is a subHopfquiver of the Hopf quiver Q = Q(G, χ) with G = N H , then we prove that any Hopf structure on kΓ c can be lifted to a Hopf structure on kQ c (Theorem 3.2); we also give a dual version of the Gabriel theorem for pointed Hopf algebras (Theorem 4.5).
The construction of Cibils and Rosso

Path coalgebras
A quiver Q = (Q 0 , Q 1 , s, t) is an oriented graph, where Q 0 and Q 1 are the sets of vertices and of arrows, respectively, s and t are maps from Q 1 to Q 0 , with s(α) and t (α) being the starting and the ending vertex of α, respectively. Assume that Q 0 and Q 1 are countable sets. A path p of length l in Q is a sequence p = α l · · · α 1 of arrows α i with t (α i ) = s(α i+1 ), 1 i l − 1. Vertices are regarded as paths of length 0.
Denote by kQ the k-space with basis the set of all paths in Q. Then kQ = n 0 kQ n , where kQ n is the k-space with basis the set of all paths of length n. By definition (see [4] ), the path coalgebra kQ c is the coalgebra with underlying space kQ, with comultiplication given by
and counit by ε(p) = 0 if path p is of length 1 and ε(p) = 1 if p is of length 0.
For a coalgebra C, the set of group-like elements is G(C) := {0 = c ∈ C | ∆(c) = c ⊗c}. A coalgebra C is said to be pointed if each simple subcoalgebra of C is of dimension one. For x, y ∈ G(C), denote by P x,y (C) := {c ∈ C | ∆(c) = c ⊗ x + y ⊗ c}, the set of x, yprimitive elements in C. An x, y-primitive element c is said to be non-trivial if c / ∈ k(x −y). The proof of the following useful fact is straightforward.
Lemma. Let C be a subcoalgebra of kQ c . Then
, where y kQ x 1 is the k-space spanned by all arrows from x to y.
Cotensor coalgebras
A path coalgebra is in fact a cotensor coalgebra, and hence enjoys the universal property. Recall these from [14] and [15] (see also [13] ).
Let M be a C-bicomodule, with structure maps δ R and δ L . Set M 0 := C, M 1 := M. For n 2, define the nth cotensor product M n to be the kernel of the k-map:
has a coalgebra structure, which is called the cotensor coalgebra of bicomodule M over C: the counit ε is given by ε| M i = 0 for i 1, and ε| C = ε C ; the comultiplication is given by
Note that for any quiver Q, kQ n is a kQ 0 -bicomodule for n 0 via δ L (p) := t (p) ⊗ p and δ R (p) := p ⊗ s(p); and that kQ c CoT kQ 0 (kQ 1 ) as coalgebras.
We need the following universal property (see, e.g., [7] , also [15] ).
Lemma. Let X ψ −→ CoT C (V ) be a coalgebra map. Set ψ n := p n ψ : X → V n to be the projection. Then ψ 0 : X → C is a coalgebra map, and ψ 1 : X → V is a C-bicomodule map, where X has the induced C-bicomodule structure via ψ 0 ; for n 2, ψ n is exactly the C-bicomodule map given by the composition
That is, ψ is uniquely determined by ψ 0 and ψ 1 . Conversely, let ψ 0 : X → C be a coalgebra map, and ψ 1 : X → V a C-bicomodule map. Let ψ n : X → V ⊗n be the composition given as above. Then ψ n is a C-bicomodule map with Im(ψ n ) ⊆ V n . If for each x ∈ X there are only finite i such that ψ i (x) = 0, then ψ := i 0 ψ i : X → CoT C (V ) is a coalgebra map.
Hopf bimodules over group algebras
Let H be a Hopf algebra. An H -Hopf bimodule M is an H -bimodule and simultaneously an H -bicomodule such that the structure maps δ L : M → H ⊗ M and δ R : M → M ⊗ H are both H -bimodule maps, where the H -module structures of H ⊗ M and M ⊗ H are diagonal.
Let C be a coalgebra, and x, y ∈ C. For a C-bimodule M, denote
The following theorem gives the description of the category B(kG) of kG-Hopf bimodules by the module categories of subgroups of G.
Theorem (Cibils-Rosso [6] ). For each conjugacy class C of G, choose an element u(C) ∈ C, and let Z C be the centralizer of
Hopf quivers
Let G be a group, with a ramification χ (i.e., a function χ : C → N 0 ), denoted by χ = C∈C χ C C, where C is the set of conjugacy classes of G. By definition [7] , the corresponding Hopf quiver Q = Q(G, χ) has the set of vertices Q 0 = G, and for each x ∈ Q 0 , c ∈ C ∈ C, one has χ C arrows from x to cx.
The following theorem answers the question that on which quivers one can construct graded Hopf algebras with length grading.
Theorem (Cibils-Rosso [7] ). Let Q be a quiver. Then the following are equivalent: 
, we can identify kQ 1 with V(M) by identifying y kQ x 1 with y V(M) x . Finally, construct the corresponding graded, associative multiplication on kQ c as follows: let ψ 0 be the composition
where X = kQ c ⊗ kQ c , and ψ 1 be the composition
Then ψ 0 is a coalgebra map and ψ 1 is a kQ 0 -bicomodule map. Then by Lemma 1.2 we have a coalgebra map
In this way one gets a graded associative multiplication ψ on kQ c . Since a pointed bialgebra whose set of group-like elements is a group is a Hopf algebra (see Takeuchi [20] ), it follows that (kQ, ψ, ∆) is a graded Hopf algebra. By construction we have in particular
(β).α β.s(α) + β.t (α) s(β).α ( * ) for any arrows α and β in Q, where [t (β).α] denotes the action of t (β) on α.
Note that any graded Hopf structure on kQ c is given by the construction of Cibils-Rosso described above. For details we refer to [7] .
Simple-pointed Hopf algebras of Schurian Hopf quivers
2.1.
Radford introduced the concept of simple-pointed Hopf algebra, and classified finite-dimensional, simple-pointed Hopf algebras over an algebraically closed field. Recall that a Hopf algebra H is simple-pointed if H is pointed, not cocommutative, and if L is a proper subHopfalgebra of H then L ⊆ H 0 . See [16] .
Given a graded Hopf structure A on kQ c , we are interested in determining all possible (not necessarily finite-dimensional) simple-pointed subHopfalgebras H of A. The aim of this section is to do this for Q a Schurian Hopf quiver.
By definition, a Hopf quiver Q = Q(G, χ) is said to be Schurian if χ C 1 for each conjugacy class C of G. That is, for each pair (x, y) of vertices of Q, there are at most one arrow from x to y.
2.2.
Let q ∈ k be an nth root of unity. For non-negative integers l and m, the Gaussian binomial coefficient is defined to be
2.3.
Denote by Z n the basic cycle of length n, i.e., Z n is the quiver with set of vertices the cyclic group {1, g, . . . , g n−1 }, and a unique arrow α i from g i to g i+1 for each 0 i n − 1. Then Z n is a Schurian Hopf quiver of the cyclic group g with ramification χ C = 0 for C = [g], and 1 for C = [g]. Let p l i denote the path in Z n of length l starting at g i (thus, p
For each nth root q ∈ k of unity, Cibils and Rosso [7] have defined a graded Hopf algebra structure kZ n (q) (with length grading) on the path coalgebra kZ c n by 
Denote by C d (n), d
2, the subcoalgebra of kZ c n with basis the set of all paths of length strictly less than d.
If q is an nth root of unity, with multiplicative order d 2, then and hence by ( * * ) we deduce that C d (n, q) is generated by g and α 0 as an algebra. Let q is an nth root of unity, with multiplicative order d 2. Recall that by definition A n,d (q) is an associative algebra generated by elements g and x, with relations
is a Hopf algebra with
In particular, if q is an nth primitive root of unity, then A n,d (q) is the n 2 -dimensional Hopf algebra introduced by Taft [19] . For this reason A n,d (q) is called a generalized Taft algebra in [10] . Mapping g to g and x to α 0 , we get a Hopf algebra isomorphism A n,d (q) C d (n, q). We claim that the product of p l i and p m j in A is again given by the formula ( * * ), with q an nth root of unity in k, and hence A has a subHopfalgebra isomorphic to kZ n (q).
Denote by
In order to prove this, note that the algebra structure of A is determined by a kGHopf bimodule V(M), where M = (M C ) C∈C ∈ C∈C mod kZ C , with dim k M C = χ C (see 1.5) , and V is the functor defined in Theorem 1.
with V(M). In this identification we have
, and hence we may identify α i with
and
Note that the product of p l i and p m j in A is uniquely determined by the actions of g j on α i for i, j = 0, 1, . . ., n − 1 (for details we refer to Theorem 3.8 in [7] ), and hence the product of p l i and p m j in A is again given by the formula ( * * ) (for details we refer to the proof of Proposition 3.17 in [7] ). For example, by ( * ) in 1.5 we have
This proves (i), and (ii) is similarly proved. 2
The main result of this section is as follows.
Theorem 2.7. Let Q be a Schurian Hopf quiver and H be a subHopfalgebra of a graded Hopf algebra structure on kQ c with char k = 0. Then H is simple-pointed if and only if H is isomorphic as a Hopf algebra to one of the following: (i) C d (n, q), for an nth root q of unity with multiplicative order d 2.
(ii) kZ n (1) for some n 1. Proof. First, we claim that any Hopf algebra H given in (i)-(v) is simple-pointed. Assume that L is a subHopfalgebra of H which is not contained in kG, where
and hence by the Taft-Wilson theorem (see, e.g., [12, p. 68] ) that there is a non-trivial x, yprimitive element α ∈ L for some x, y ∈ G(L), and hence x −1 α is a non-trivial 1, x −1 yprimitive element in L. While by the quiver structure of A ∞ ∞ (or of Z n ) we have x −1 y = g and P 1,g (H ) = k(1 − g) ⊕ kα 0 . It follows that α 0 ∈ L. Since in all cases of (i)-(v), g and α 0 are generators of H , it follows that L = H . This proves that H is simple-pointed.
Conversely, let H be a simple-pointed subHopfalgebra of A, where A is a graded Hopf structure on Schurian Hopf quiver Q = Q(G, χ). Since H = H 0 , it follows that H 1 = H 0 , and hence by the Taft-Wilson theorem that there is a non-trivial x, y-primitive element α ∈ H for some x, y ∈ G(H ), and hence x −1 α is a non-trivial 1, x −1 y-primitive element in H . This means that in quiver Q there is an arrow α 0 : 1 → g := x −1 y. Since Q is Schurian and x −1 α ∈ H , it follows that α 0 ∈ H .
If o(g) = n, then by Lemma 2.6 A has a subHopfalgebra L kZ n (q). If o(q) = d 2, then the subalgebra of L generated by g and α 0 is isomorphic to C d (n, q); and if d = 1, then the subalgebra of L generated by g and α 0 is isomorphic to kZ n (1) . In both cases, this subalgebra is a subHopfalgebra and contained in H . While H is simple-pointed, it follows that H C d (n, q) with d 2, or H kZ n (1) .
If o(g) = ∞, the similar argument proves that H is isomorphic to one of the Hopf algebras given in (iii)-(v). 2
SubHopfquivers
Definition 3.1.
(i) Let G be a group with ramification χ , and H be a group with ramification r. We say (H, r) 
ii) If (H, r) (G, χ), then the Hopf quiver Γ = Q(H, r) of (H, r) is said to be a subHopfquiver of the Hopf quiver Q = Q(G, χ) of (G, χ).
Given a Hopf quiver Q and a subHopfquiver Γ of Q, it is natural to ask that when a Hopf structure B on kΓ c can be lifted to a Hopf structure on kQ c . For this we have
Theorem 3.2. Let Q = Q(G, χ) be the Hopf quiver of (G, χ), and Γ = Q(H, r) a subHopfquiver of Q, with G = N H for some normal subgroup N of G. Then for each graded Hopf structure B (with length grading) on kΓ c , there is a graded Hopf structure A (with length grading) on kQ c , such that B is a subHopfalgebra of A.
In order to prove the theorem we need some preparations. By the construction of a cotensor coalgebra, it is straightforward to verify the following fact. Note that the last assertion follows from a theorem duo to Heyneman and Radford (see [11] , or [12, Theorem 5.3.1]). 
Since G = N H , it follows that for each conjugacy class C of G in C 1 , there is only one conjugacy class of H contained in C. It follows that, for each C ∈ C G , we can always
(In order to see this, note that 
which implies n ∈ Z N (u(C)) and h ∈ Z H (u(C)).)
Lemma 3.6. Let (H, r) (G, χ) with
.g., [18] ). Montgomery [13] has introduced the quiver Γ (C) of C as follows: the vertices of Γ (C) are isoclasses of simple subcoalgebras of C; for two simple subcoalgebras S 1 and S 2 , there are exactly
The following fact was observed in [5] , see also [13, p. 2345 ].
Lemma 4.2. Let C be a coalgebra, x, y ∈ G(C). Then we have
That is, the number of arrows from kx to ky in Γ (C) is exactly dim k P x,y (C) − 1.
4.
3. Now, let C be a pointed Hopf algebra with G(C) = G. By Lemma 4.2 the quiver Γ (C) in this case can be interpreted as: the set of vertices of Γ (C) is G; for x, y ∈ G, the number of arrows from x to y is dim k P x,y (C) − 1. For example, the quiver of path coalgebra kQ c is exactly Q, i.e., Γ (kQ c ) = Q.
Proposition 4.4. Let H be a pointed Hopf algebra. Then Γ (H ) is a Hopf quiver.
Proof. For any x, z, z ∈ G(H ) with z, z conjugate in G(H ), we have dim k P x,zx = dim k P x,z x . In fact, if z = gzg −1 , then c → gcx −1 g −1 x gives a one to one correspondence from P x,zx to P x,gzg −1 x . 2 [4, Theorem 4.3] ). This is the dual Gabriel theorem for pointed coalgebras.
Chin and Montgomery have proved that if
Let H be a pointed Hopf algebra with coradical filtration {H n }. Then by Lemma 5.2.8 in [12] 
Proof. Set Q := Γ (H ) and G := G(H ). Then Q is a Hopf quiver by Proposition 4.4. It follows from Theorem 1.4 that kQ c admits a graded Hopf structure. We choose such a Hopf structure A on kQ c as follows. By the Taft-Wilson theorem we have H 1 /H 0 = x,y∈G P x,y (H ), where P x,y (H ) is a subspace of P x,y (H ) such that P x,y (H ) = k(x − y) ⊕ P x,y (H ). Since the number of arrows from x to y in Q is exactly dim k P x,y (H ), it follows that one can identify y kQ x 1 with P x,y (H ). Under this identification, for each arrow α starting at x and ending at y, and g ∈ G, the product gα and αg are both non-trivial gx, gy-primitive elements of H , it follows that gα = h + β with h ∈ k(gx − gy) and β ∈ P gx,gy (H ). This makes kQ 1 a left kG-Hopf module by defining gα = β. Similarly, we have a kG-Hopf bimodule kQ 1 , and then we obtain the corresponding graded Hopf structure A on kQ c .
In order to get a coalgebra map ψ : gr(H ) → kQ c = CoT kQ 0 (kQ 1 ), by Lemma 1.2 it suffices to construct a coalgebra map ψ 0 : gr(H ) → kQ 0 , and a kQ 0 -bicomodule map ψ 1 : gr(H ) → kQ 1 , such that for each x ∈ gr(H ) there are only finite i with ψ i (x) = 0, where ψ i is defined as in Lemma 1.2. In fact, set ψ 0 to be the projection gr(H ) → (gr(H )) 0 = H 0 = kG, and ψ 1 to be the projection gr(H ) → x,y∈G P x,y (H ) = kQ 1 . Since { i n H i /H i−1 } is the coradical filtration of gr(H ), we deduce that ψ n (H m /H m−1 ) = 0 for n = m. It follows that we have a coalgebra map ψ : gr(H ) → kQ c which is graded. Since ψ| gr(H ) 0 ⊕gr(H ) 1 is injective, it follows from a theorem due to Heyneman and Radford (see [11] , or [12, Theorem 5.3.1]) that ψ is injective.
It remains to prove that ψ is a Hopf algebra map, or, that ψ is an algebra map, i.e., 
4.6.
Note that a Hopf quiver Q(G, χ) is connected if and only if the union χ C =0 C generates G. We point out here, by a theorem of Montgomery, it is clear that in some sense we may restrict ourselves to connected Hopf quivers.
In fact, let Q be the Hopf quiver of (G, χ) with connected components {Γ i }, and 1 = 1 G ∈ Γ 1 , N i the set of vertices of Γ i . Then it is straightforward to verify that N 1 is a normal subgroup of G and G = N ∪ N 2 ∪ · · · ∪ N t ∪ · · · is the coset decomposition of G respect to N ; that Γ 1 is the Hopf quiver of (N 1 , r) , where r D = χ C if the conjugacy class D of N is contained in a conjugacy class C of G, and Γ i is isomorphic to Γ 1 as quivers; and that χ C = 0 for each conjugacy class C of G with C ∩ N = ∅.
In [13, Theorem 2.1 and Corollary 2.2], Montgomery proved that if C is a coalgebra with Γ (C) having connected components {Γ i }, then C = i C i , where C i is indecomposable as a coalgebra with Γ (C i ) = Γ i for each i. In particular, C is indecomposable if and only if Γ (C) is a connected quiver, see also [8] . In [13] Theorem 3.2 it is proved that if H is a pointed Hopf algebra with G = G(H ), then H (1) is a subHopfalgebra with N := G(H (1) ) a normal subgroup of G, where H (1) is the coalgebra indecomposable component of H containing 1, and H is a crossed product of H (1) (1) .
